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ABSTRACT A theory is developed to establish the basic relationship between minimum strain energy and 
an  equilibrium crystal shape in strained states. Changes in crystal shape have been investigated as a major 
phenomenon in macromolecular crystals. Many familiar observations, such as the thickening of lamellae and 
extended chain fibers during annealing and stretching, respectively, and the thinning of lamellar crystals under 
pressure, can be explained adequately by the theory in terms of a single parameter-the strain energy. With 
irreversible thermodynamics, the nonequilibrium annealing behavior is analyzed with the same strain energy 
function as the driving force. The theoretical prediction is in good agreement with experimental data and 
the existing theory of Sanchez, Colson, and Eby which is based on a surface free energy consideration. 

Introduction 
The thickening of lamellae during annealing and the 

lengthening of fibrils during stretching are well established 
in the literature1r2 and illustrate the important effect of 
strain energy in the formation of macromolecular crystals. 
It is generally recognized that polymer crystals are ther- 
modynamically metastable and the crystallization process 
is controlled by nucleation theory3i4 under the postulate 
of local equilibrium. Annealing and stretching may be 
considered as two opposite irreversible processe~ .~?~ The 
former moves toward the lowest energy state of a crystal 
and the latter away from it. Energy variations during 
deformation as a function of crystal shape-the funda- 
mental part of the problem-have not been determined 
because the role of strain energy in the theoretical treat- 
ment of crystallization is not well e~tablished.~ The main 
objective of this work is to explain the change in shape of 
polymer crystals in terms of strain energies applied to or 
released from the system. A functional relationship be- 
tween the minimum strain energy and the equilibrium 
shape of a strained crystal is derived for an equilibrium 
morphology. Assumptions concerning the crystal mor- 
pholo&” and detailed descriptions of the strain energy 
are avoided at the present time to preserve the generality 
of the theory. The fundamental relation between strain 
energy and crystal shape is applied to interpret various 
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stress effects on crystallization in polymers, such as the 
crystallization induced by stretching, stress relief by an- 
nealing, and the effect of pressure. The theoretical in- 
terpretation is then compared with experimental obser- 
vations. As an example, the strain energy of ultraoriented 
high-density polyethylene fibers12 is estimated and the 
mechanical and thermal implications are discussed. 

In the search for a unified approach to the equilibrium 
and nonequilibrium changes in crystal shape, the time 
dependence of crystal thickening during annealing was 
analyzed as an irreversible process driven by the strain 
energy gradient instead of a surface free energy gradient 
proposed by Sanchez, Colson, and Ebya6 The present 
theory is then compared with their theory and experi- 
mental crystal thickening data. 
Theoretical Development 

written as 
The free energy of crystallization from the melt can be 

(1) 

The free enthalpy of a crystal consists of bulk and surface 
contributions 

(2) 

where yi represents the surface free energy per unit area 

AG = Gcrystal - G m e ~ t  

Gerystal = Gbulk + CYiAi 
i 
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and Ai is the corresponding surface area. The surface free 
energies are always positive and Gmdt - G W  is greater than 
zero for temperatures below the melting point. In the 
following, our main interest is to investigate the effect of 
strain energy on overall crystal behavior rather than details 
of the nucleation process. 

1. Unstrained State. Before introducing strain energy 
into the theoretical treatment, let us define the equilibrium 
dimensions of a macromolecular crystal. According to ref 
1 (Chapter 7 ) ,  a crystal is either a folded chain lamella or 
an extended chain fiber, whose equilibrium shape is de- 
fined by the ratio of the end (ye) and side (y) surface free 
energies per unit area. The same definition will be gen- 
eralized to the strained state where the equilibrium shape 
of a crystal is determined by the surface free energy ratio 
and the strain energy. Considering a crystal of thickness 
1 and lateral dimension a,  the equilibrium values of a and 
I are1s5 

ao* = 4y/Ag0 (3) 

LO* = 4ye/Ag0 (4) 
where the subscript 0 refers to the unstrained condition. 
The thickness of macroscopic crystals is customarily de- 
scribed by lo*. The ao* is given, by eq 3 and 4, in terms 
of lo* and the ratio of surface free energies and is not 
related to the ultimate lateral dimensions of macroscopic 
crystals. The thermodynamic driving force, Ago, is given 
by the familiar expression known as the free energy of 
fusion per unit volume of the polymer crystal 

(5) 
where Ahf" is the heat of fusion per unit volume of a 
crystal, T," is the melting temperature of the unstrained 
crystal, and T," - T is the degree of supercooling. It 
follows that ao* and lo* increase without bound as Tmo - 
T approaches zero. 

2. Strained State. We will now consider the effect of 
strain energy per unit volume, w, on the equilibrium di- 
mensions a* and 1* of a crystal. The thermodynamic 
driving force for crystallization of polymers in the strained 
state is8J4 

&? = (Gmelt - Gbulk) / v = &O + w (6) 
where V is the crystal volume, Ago is given by eq 5, w = 
-T(AS - ASo) > 0, and AS and ASo are differences in 
entropy of fusion in the strained and unstrained states, 
respectively. Following the procedure used in nucleation 
theory, the free enthalpy of crystallization, eq 1 and 2, 
becomes 

( 7 )  
where the aspect ratio p = ! / a  characterizes the crystal 
shape and I ( p )  = 27, + 4yp. The major difference between 
eq 7 and previous treatments15 is that the strain energy 
per unit volume is not a constant but a function of p. The 
equilibrium values of a* and p* have to simultaneously 
satisfy the equations 

(dAG/da),  = 0 (8) 

(dAG/dp), = 0 (9) 

&o = AhP(Tmo - n / T m o  

AG = a2Z(p) - a3p[Ago + w b ) l  

Substituting eq 7 into eq 8, one obtains 
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Differentiation of eq 9 leads to 
(11) 

where the prime denotes the derivative with respect to p*. 

Z'(p*) = a*{[&, + W ( P * ) l  + P*W'(P*)l  

0.5 - 

Figure 1. Ratio of strained to unstrained lateral dimensions vs. 
the relative aspect ratio and thickness ratio. 

Eliminating a* between eq 10 and 11 yields an ordinary 
differential equation 

With the condition of w = 0 at  p* = po* = lo*/ao*, the 
solution of eq 12 is 

The above equation provides the fundamental relationship 
between the equilibrium crystal shape and the minimum 
strain energy in the strained state. Hence the equilibrium 
values of a* and AG* can be obtained by substituting eq 
13 into eq 10 and then into eq 7. In the rest of the paper, 
equilibrium values are implied without mentioning equi- 
librium and the asterisk will be dropped. 
Theoretical Interpretation 

In order to avoid the need for absolute values of y, ye, 
T,", T ,  and Ahf", it is convenient to introduce the non- 
dimensional parameters 

and 
w T m "  +=-- 

Ahf" T," - T 

(14) 

(15) 

which characterize the crystal shape and strain energy, 
respectively. Using eq 3 and 4, one finds the aspect ratio 
for unstrained crystals is po = ye/7 and is independent of 
temperature. One can rearrange eq 10 and 13 in terms of 
nondimensional parameters as follows: 

a / a o  = [3/(1 + 2X)]1/2 (16) 

+ = [y3(1 + 2X)]3/2/X - 1 (17) 

where X is related to the thickness ratio l / l o  by the equation 

(18) 

The ratio of strained to unstrained lateral dimensions, 
alao, is plotted in Figure 1 as a monotonic decreasing 
function of the relative aspect ratio, A, and thickness ratio, 
l / l o ,  based on eq 16 and 18. In Figure 2 the strain energy 
function, +, computed from eq 17, has the shape of a 
"potential well" with its minimum at X = 1 and increases 
as X departs from 1 in both directions (X < 1 and X > 1). 

Our primary interest is to interpret the changes in 
crystal shape X in terms of a single driving force J /  during 

1 / 1 0  
X =  

[ ( 1 / 1 0 ) 2  + 3I1l2 - 1 / 1 0  
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Figure 2. Variation of nondimensional minimum strain energy 
with equilibrium crystal shape in strained states. 

the stressed crystallization of polymers. The strain energy 
is due to the frozen-in deformation of the polymer crystal 
and surrounding material on cooling from the melt. The 
deformation can be induced by external and internal 
strains, such as mechanical stretching or internal defects. 
Some familiar effects of stress on the crystallization of 
polymers can be interpreted by Figure 2. 

1. Mechanical Stretching. A tensile stress tends to 
straighten the polymer chains and orients them preferen- 
tially parallel to the stress. The aspect ratio of an extended 
chain fiber, A, increases with an increase of + along the 
path CDE in Figure 2. 

2. Thermal Annealing. Annealing involves heating 
polymers to temperatures below the melting point, which 
reduces the strain energy to a lower energy state and leads 
to a more stable crystal structure. Annealing follows the 
path ABC for X < 1 or EDC for X > 1, which results in 
lamellar thickening or fribrillar shortening. The lowest 
attainable energy equilibrium point C is dependent on the 
time and temperature of annealing which is discussed in 
a later part of the paper. 

3. Pressure Effect. At  constant temperature, the strain 
energy increases with an increase of pressure, which is 
represented by BA in Figure 2. The aspect and thickness 
ratios of lamellae decrease with an increase of pressure. 
All the corresponding variations of the lateral dimension 

follow in Figure 1. The interpretation of these phenomena 
by eq 17 seems consistent with experimental observations 
summarized in ref 1. 

The volume of a crystal, V = a21, can also be written as 
a function of + according to eq 16 and 17 

(19) 
where Vo = 6 4 ~ ~ y , / ( A g ~ ) ~ .  Equation 19 shows that the 
volume of polymer crystals increases during annealing and 
decreases during stretching, as expected from observations. 

The structural reorganization of ultraoriented high- 
density polyethylene fibers has been extensively studied 
as a means of achieving more desirable tensile properties.12 
Consider polyethylene with the properties16 -ye = 80 
erg/cm2, y = 10 erg/cm2, Tm" = 145 "C, and Ah: = 67 
cal/cm3 and assume T = 130 "C. Figure 3 shows the 
relative aspect ratio A, volume ratio V/Vo,  and melting 
temperature T, of the polyethylene fibers plotted vs. the 
normalized strain energy w/Ahfo. The melting point ele- 
vation in the strained state is described by the equation8J0 

(20) 

The melting point is increased in the same way as A. When 

v = VO/U + +I 

Tmo T, = 
1 - (Tm"/T)(W/Ah,") 

'1 o'2t // T;=145T 
T = 13o"C 

Figure 3. Plots of A, VI V,, and T, vs. w Jh,O for a polyethylene 
crystal. 

the aspect ratio of an extended polyethylene crystal is 
increased12 from p o  = 8 to p = 25 (Le., X = 3.1), Figure 3 
shows that a strain energy of 0.5 cal/cm3 is required, which 
also results in a 17% reduction of crystal volume and 3 "C 
rise in melting point. 

Elastic moduli of semicrystalline polymers depend on 
the volume fraction and aspect ratio of oriented chain 
fibers.17J8 The high tensile modulus of ultradrawn poly- 
ethylene is due to the high values of p.12J7 Similarly, 
annealing drawn linear polyethylene results in a decrease 
in modulus caused by the reduction of p2J7 We have shown 
that the tensile modulus is a strong function of p for p > 
1 and is only slightly affected by p for p < l.lS The tensile 
modulus for p < 1 is mainly a function of volume fraction. 
This explains the contradiction' between the effects of 
annealing on drawn fibers and unoriented crystalline 
polymers which shows a modulus increase with annealing 
as a result of an increase of crystal volume during stress 
relief. 
Annealing Kinetics 

A change in crystal shape is the major effect of annealing 
polymer crystals and this has been discussed without in- 
cluding any time dependence. The nonequilibrium be- 
havior of lamellar thickening during annealing was studied 
by Sanchez, Colson, and Eby as an irreversible process 
driven by the surface free energy under the assumption 
of constant crystal v ~ l u m e . ~  The purpose here is to see 
whether the general relationship between strain energy and 
crystal shape, eq 17, can adequately be applied to explain 
the same nonequilibrium behavior. The thermodynamic 
force will be the strain energy gradient rather than the 
surface free energy. 

Consider the rate of thickness variation of a crystal 
which can be expressed by the following phenomenological 
equation for an irreversible p r o c e ~ s : ~ J ~  

where t is time and k is a proportionality constant. When 
the strain energy and crystal volume equations, eq 17 and 
19, are substituted into eq 21, we obtain 
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Figure 4. Comparison of the present theory with experimental 
data and the existing theory which is based on a surface free energy 
consideration. 

where X is defined by eq 14 and r = lo2/-yek. The param- 
eter T is considered to be an effective relaxation time re- 
lated to a molecular mechanism by5 

r = r1 exp[vAhfo(Tmo - 77/RTTm0] (23) 

where r1 is a weak function of temperature, R is the gas 
constant, and v is the number of chain units required for 
cooperative chain backbone motion through the crystal. 
Assuming r is independent of X and letting 

7 = [(l + 2X)/3]’/2 (24) 

( t  - tl)/T = fh) - f (O1) (25) 
we can integrate eq 22 and obtain 

with 
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(26) 
3 1 1 1 + O  

f (7 )  = --q - - + - In - 
8 240 3 l l - n l  

The above equations are expressed in terms of the relative 
aspect ratio, which may easily be related to the thickness 
ratio by eq 18. 

A comparison of eq 25 with the theory of Sanchez, 
Colson, and Eby and experimental data of lamellar 
thickening in random copolymers of tetrafluoroethylene 
and hexafluoropropylene, with about 5.8 CF3 units per 100 
carbon atoms in the b a ~ k b o n e , ~  are shown in Figure 4. 
This confirms that the strain energy gradient is a ther- 
modynamic force capable of driving the thickness phe- 
nomenon from a state of high to one of low strain energy 
during annealing (see Figure 2). Figure 5 illustrates the 
changes in relative aspect ratios, calculated from eq 25, 
from the initial ratios of 0.1, 0.5,5, and 10 to the equilib- 
rium value X = 1. The thinning of needlelike crystals and 
the thickening of lamellar crystals are both moving in the 
direction of lower strain energy states. 

Conclusions 
The major effect of strain energy on macromolecular 

crystals is to change the crystal shape. Recognizing 
polymer crystallization as a nonequilibrium process with 
the postulate of local equilibrium, the present analysis 
provides a unified understanding of the effects of such 
familiar phenomena as stretching, annealing, and pressure 
in terms of a single thermodynamic driving force-the 
strain energy. The specific conclusions are as follows: 

I1 
x 

t 
o l r  I 1 1 1 1 1 8  

1 I I t l l l l l  I I l i l l l l  

IC+ 10-1 I 10 
t/r 

Figure 5. Change in relative aspect ratio as a function of reduced 
time. 

1. A general relationship between the minimum strain 
energy and the equilibrium crystal shape under strained 
conditions is derived assuming that the strain energy per 
unit volume is not a constant but a function of crystal 
shape. 

2. The thickening of lamellae and extended fibers 
during annealing and stretching, respectively, and the 
thinning of a lamellar crystal under pressure are well- 
documented observations which are adequately explained 
by the state of strain energies involved in these processes. 

3. The strain energy of ultraoriented high-density 
polyethylene fiber is estimated. The effects of orientation 
and annealing on the tensile modulus and structural re- 
organization of drawn linear polyethylene are discussed. 

4. The strain energy gradient is treated as a thermo- 
dynamic force in analyzing nonequilibrium annealing be- 
havior of polymer crystals. The prediction of the theory 
is in good agreement with experimental data of lamellar 
thickening and the theory of Sanchez, Colson, and Eby, 
who considered the surface free energy as the driving force. 

5. The theory can also be applied to predict the irre- 
versible thinning phenomena of needlelike drawn crystals. 
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